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INTRODUCTION 
There is an organic connection between exponential sums and the 
arithmetic of. curves over a finite field k = F, of characteristic p. For 
instance let X be an absolutely irreducible curve over k, and consider the 
exponential sum 
where f is a rational function with poles of order prime to p, and X’(k) 
is the set of points of X defined over k for which f(x) # co; define the L 
function 
where k, is the extension of degree s of k. On the other hand, consider the 
covering Y--t X defined by the equation 
YP- Y =f(x); 
then the function field L of Y is an abelian extension of the function field 
K of A’, with Galois group isomorphic to F,. The basic result is that 
the function L( T, f) is an abelian L function of the extension L/K, or 
equivalently of the abelian covering Y + X as developed by Lang [ 133, 
from which one deduces that 
# Y(k) = c W(k, G-zf); 
,IeF, 
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hence one gets estimates on these sums from properties of L functions. This 
is the classical method of Hasse [6] and Weil [22] developed, for instance, 
in the setting of higher dimensional varieties by Bombieri [ 11, Deligne 
[3], and Katz [8]. In this article we focus on the case of curves. The above 
extension L/K belongs to the category of extensions studied in 
Artin-Schreier theory: we introduce them in Section 1. In order to resolve 
the case where there are poles of the functions with order dividing p, in 
Section 2 we compute the genus of such extensions; here we generalize 
some results of Stichtenoth [21]. In Section 3 we connect L functions of 
the extension L/K and L functions defined from exponential sums 
(Proposition 3.3); in this setting we obtain Deligne’s estimates on exponen- 
tial sums in one variable. In fact, it is possible to derive the results given 
in Sections 2 and 3 from Deligne [3], but we preferred to give a self- 
contained exposition of them, in the framework of classical abelian class 
field theory of function fields developed by Serre [16], Weil [24], and 
Iyanaga [ 73. 
We thus obtain some estimates like the one given by Serre [19, 201 for 
the trace of these exponential sums. In Section 5 we deduce some bounds 
for the number of solutions of the trace equation 
Tr F,,F, f(x) = 0, 
and then give two examples in the case where X=P’. They are used by 
J. Wolfmann in the computation of the weight distribution of cyclic codes: 
in fact, his questions motivated the present work. Finally, we apply these 
results to geometric BCH codes as defined by Goppa [4, 51; we derive an 
analog of the Carlitz-Uchiyama bound for those codes which are defined 
over the prime field. 
I thank Hennig Stichtenoth for some pertinent observations. 
1. ARTIN-SCHREER COVERINGS 
Let X be a smooth projective absolutely irreducible curve defined over a 
finite field F, = k of characteristic p, and let K = R(X, k) be the field of 
rational functions on X defined over k. Denote by 9 the endomorphism of 
K such that 
P(f)=f"-f. 
We consider a finite subgroup A of K such that 
AnBK= (0) 
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and the extension L = K(B-‘A) of K generated by the elements y in 
an algebraic closure of K such that S(y) EA. This is an Artin-Schreier 
extension of K (cf., e.g., [2]): we have 
[L:K] = #A, 
and the extension L/K is an abelian extension of exponent p, Since A is a 
vector space over F,, there is a family (fr , . . . . f,) of elements of K linearly 
independent over F, such that 
A=F,f, + ... +F&. 
Let Y be the curve which is a smooth projective model of the curve in 
A”’ x X given by the system of equations 
Yf - Yl =f1(x) 
UC - Ym = f,(x); 
the field I?( Y, k) of rational functions on Y defined over k is equal to L. 
The injection K -+ L thus defines an abelian covering 
7-c: Y+X 
defined over k that we call an Artin-Schreier covering. 
We now give a condition under which the curve Y is absolutely 
irreducible. This is probably known, but we have not found a proper 
reference for this result. Call a finite subgroup A of K nondegenerate if 
An(BK+k)={O}. 
(1.1) PROPOSITION. The curve Y is absolutely irreducible if and only ij 
the group A is nondegenerate. 
Proof: (a) Denote F the algebraic closure of k, and let i?= R(X, F). 
We first prove that the field K(9-‘A) is a regular extension of k (which 
means that the curve Y is absolutely irreducible) if and only if 
A nLPR={O}. 
There is a canonical surjective homomorphism 
K(9-‘A)&F+&W’A); 
the field K(B-‘A) is a regular extension of k if and only if the above 
homomorphism is an isomorphism, since 
[K(B-‘A)@,F:R]=(A+BK9K)= #A, 
[&$+‘A):~]=(A+8~:8~)=(A:An8~), 
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by Artin-Schreier theory. We see that K(9’-‘A) is a regular extension of 
k if and only if (A:AnBE)= #A, that is, if AnSR= (0). 
(b) We now prove that 
KnSK=BK+k. 
In fact, if gEg is such that f=gP-g with feK, then geK or 
K(g) = R(X, k) Ok k(t), where 4 E F is a root of a polynomial TP - T- a, 
with some a E k by Artin-Schreier theory; if we choose 5 and g in such a 
way that o(t) - { = o(g) - g, where (T is a generator of the Galois group of 
k(t), then g’=g-l is in K and 
f=gP-g=gglp-g’+aEgK+k, 
as was to be proved. 
Since L is of exponent p, the ramification is wild if it take place. Now we 
want to compute the orders of ramification of the places of L, but for this 
purpose we need the notion of reduced order of a function at a place of K. 
For any place u of K, denote by o, the subring of K of functions regular 
at U. For f E K, set 
and 
vu(f) = 0 if f Eo,, 
v,(f) = order of the pole off at u if f$o,, 
v,*(f)=min{v,(f -g) I gEpK); 
the function v,* is defined on K/9K, and v,*(f) = 0 if and only if 
f E o, + BK. We call v,*(f) the reduced order of the pole off at the place U. 
(1.2) PROPOSITION. IffEK and v,*(f)>O, then (v,*(f),p)=l; ifhE:K 
is such that 
f-h (mod PK), 
with (v,(h), p) = 1, then v,(h) = v,*(f ). 
Proof The following is Artin’s algorithm for computing the reduced 
order v,*(f ). Take a uniformizing parameter n at U. If (p, vu(f )) > 1, let 
v,(f) = v and write the Laurent series off as 
f = 1 a,,‘. 
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Let g, = a’i”, x-“lp; then fi =f- (gf-g,) satisfies v,(fi) < v,,(f). If 
(v,(fi), p) = 1, we are done; otherwise we iterate the preceding operation, 
and we obtain a sequence of functionsfi withf-f, (mod PK) and with the 
sequence v,(fi) strictly decreasing. By the principle of descent we thus 
finally reach an f, whose nonzero coefficients in its Laurent series have 
indices prime to p; in particular (v,(J;), p) = 1. The second assertion, which 
we prove now, establishes that vJfr) = v,*(f). 
Take hi K such that fh (mod BK) and (v,(h), p)= 1 and h’~ K 
such that f~h’ (mod BK) with v,(h’)= v,*(f); then v,(h) > v,(M). If 
v,(h)>v,(h’), then v,(h-h’) is at the same time a power of p since 
h-h’= 0 (mod BK) and prime to p since v,(h - h’) = v,(h), a contradic- 
tion. 
If u is a place of K, let 
N,=An(o,+SK); 
this is an F,-vector subspace of A. Iff E N,, let 
where h E o, and f h (mod 9K); then Tr,* f depends only of the class of 
f mod PK. Let 
Mu= {HEN, 1 Tr,*f=O}. 
(1.3) PROPOSITION. Let A be nondegenerate and let u be a place of K. 
Call, respectively, e,, f,, g, the order of ramification, the residual degree of 
any place of L above u, and the number of such places. Then 
e, = #(A/N,), fu= #(NuIMuh g,= #Mu. 
In particular, the extension L/K is unramified if and only if A c o, + YK; it 
is totally ramified if and only if A n (0, + BK) = { 0 >. 
Proof Take a basis (fi), S iG m of A over F, ; set K, = K and 
Ki = Ki- ,(zi) = K(z, , . . . . zi) 
for 1 < i < n, where zi satisfies 
zp-zi=fj. 
We have a finite tower of extensions of degree p: 
K=KOcK1c .‘. cK,,=L. 
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For 16 i6 n, choose hie Ki- r such that v,-,(hi) = v,*,,,(h) and 
fi=hi (mod 9Ki- I); 
then Ki = Kim l(wi), where 
w;-wj=hl. 
Take a place u of L above u and call ui-, the restriction of u to KimI and 
gi the number of places of Ki extending ui-, ; denote, respectively, by f, and 
ei the residual degree and the order of ramification of any such place. Then 
1fh~K then vu,&) is a power of p and vUi-,(hi) = 0; the derivative of 
the polynomial TP - T-hi is equal to - 1, and the extension K,/K,- , is 
unramified, and hence ei = 1. Now there are three possibilities: 
(a) Assume fi E M,; the equation 
yp- yj=hj(uj- 1) 
has p solutions in k(u), since Trk+,j,FP h(u) = 0, hence ei = f, = 1, gi =p, and 
the place ui- I splits completely in the extension K,/K,- 1. 
(b) Assume fi E N, and fi 4 M,; the equation 
YP-Yi=hi(Ut-L) 
generates an extension of degree p of k(u), hence ei = 1, f, =p, gi = 1, and 
the place ui- 1 is inert in the extension K,/K,_ I. 
(c) Assume fi#N,; since e,(K,- JK,) is a power ofp and 
vu,-,(fJ = ML ll&) v,(fJ, 
;;vee that v~,,_,(fi)=v,*(fi) and consequently v,_,(hi) is prime to p. We 
Pvu,twi) =eiv~,-,(hi); 
since v,-,(hi) . p 1s rime to p, we get ei =p, fi = gi = 1, and the place ui- r is 
totally ramified in the extension K,/K,- , . 
Now choose the basis (fi)r Gi.+ of A over F, in such a way that the 
sequences (fi)l<i<dim~. and (h)l<i<dimN. are respectively bases of M, and 
N,. Then we ar>ve at case (a) when 1 ,< i < dim M,, case (b) when 
dim h4, + 1 < i < dim N,, and case (c) when dim N,, c i < dim A; hence 
g, = pdim Mu, dim N. - dim M. f,=p 7 e,=p 
dim A - dim N. 
3 
and the proposition is proved. 
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2. THE GENUS OF AN ARTIN-SCHREIER COVERING 
If we are given a nondegenerate ArtinSchreier covering 
where Y is absolutely irreducible, we now want to compute the genus g, 
of Y. To this end, we use the Hurwitz genus formula (cf., e.g., [24, 
Corollary on p. 1571); since by Proposition 1.1 the fields of constants of X 
and Y are the same we have here 
2g,-2= [L:K](2g,-2)+degb(L/K), 
where g, is the genus of X, and b(L/K) is the different of the extension L/K. 
Here that different cannot be computed from the orders of ramification of 
L since they are wild; we use the “Fiihrerdiskriminantenproduktformel,” 
which states in its additive form that 
W/K)= 1 f(x), 
XE UC) 
where X(G) is the group of characters of the Galois group G with values 
in the unit circle, and where f(x) is the conductor of the character x (cf., 
e.g., [16, Corollary 2, p. 1121). In the case of an Artin-Schreier extension, 
the Galois group G is as follows: if d E G and f~ A, let 
where y is such that 9~ = f. This induces a nondegenerate bilinear map 
GxA-+F,. 
We denote by I,- the character of G, such that 
xf(~)=ev(~ (a,f )): 
the map f + x,- is an isomorphism from A onto X(G). We state a formula 
for the conductor of such a character. 
(2.1) PROPOSITION. Let U*(f) be the set of places u of K for which 
v,*(f) > 0. Then the character xr is ramified exactly at the places u E U*( f ), 
and the conductor of xf is equal to 
f(x,)= 1 (v,*(f)+ l)u. 
UE U’(.f) 
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If we put together the Hurwitz formula, the conductor formula, and 
Proposition 2.1, we obtain the following result: 
(2.2) THEOREM. Let 71: Y + X be a nondegenerate Artin-Schreier 
covering. The genus g, of Y is given by 
@Y-2= c C(f), 
ftA 
with 
C(f)=2g,-2+ C (vf(f)+l)degu. 
UE u*(f) 
It remains now to prove Proposition 2.1. Let u be a place of K; note that 
K, is the completion of K at U, and k(u) the residual field of u. For z E K,” 
and f~ K, let 
where Res, is the residue map. The formula 
q(z) = I-I q,&“)Y 
u 
where z = (z,) E Ki defines a character of the idele group Ki of K. 
(2.3) PROPOSITION. Let a: Ki + G be the global reciprocity map of class 
field theory. Zf f E A, then co,-= ~~0 a; the map f + of is an isomorphism of 
A onto the group y of characters of Ki which are trivial on K” NLIK( LA” ). 
Proof: We denote by a,: K,” + G the local reciprocity map. For 
z = (zJ E K; we have 
x/-o a(z) = n ;cr” %(ZJ 
u 
Denote by @f the homomorphism G--f Q/Z such that Q = e2iztif; then 
using the notations and the results of Serre [16, Chap. XIV], we have 
successively 
*flfOauk)=invKu(vQf//, zu)=invKuCfT 4 
=,' [f,z,).=$TrXIUI,~~(Res.f~), 
u 
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and hence xfoaU(z,) = We,,, and the proposition follows. The second 
assertion comes from the fact that the map K -+ x 0 a is an isomorphism of 
X(G) onto the group y. 
The proof of Proposition 2.1 is made complete with the following: 
(2.4) PROPOSITION. The character wf is ramified exactly at the places 
u E U*( f ), and the conductor of wr is equal to 
f(q)= c (v,*(f)+ l)u. 
u E u*(f) 
Proof: Let f~ K. For every place u of K, call p, the maximal ideal of 
a,. We have 
f(q) = c fu% 
u 
where f, is the smallest integer 20 such that o,,,(z) = 1 for every z E 0,” 
satisfying z E 1 + pk. It is easy to see that wr, Jz) = 1 for every z E 0,” if and 
only if ~EO,+BK,, and hence wr is unramified at u if and only if 
u # U*(f). Now let s > 1 and take z E 1 + p”,’ ‘; then 
---++p+‘+ . . . . L- 
where t is a uniformizing parameter at U, and hence 
:=(s+ l)ct”+ . ..) 
and w/,,(z) = 1 for every z= 1 +p;+’ if and only if fEp;“+gK,. This 
proves that f, = v,*(f) + 1 when u E U*(f) and achieves the proof. 
3. EXPONENTIAL SUMS AND L FUNCTIONS 
For x~k we set 
$I&) = exp ($ Tr,,F,(x)) ; 
this is an additive character of k. Ifftz K, define the exponential sum 
X’(k) 
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where X’ = {f(x) # co }. The numbers W(k, f) live in the ring Z[(,] of 
integers of the cyclotomic field Q([,) of pth roots of unity. 
We now modify the preceding sum, according to [3]. We note that X* 
is the open set of X containing all the x E X which are on a place u such 
that v,*(f) =O. It is clear that X’(k) c X*(k). If XE X*(k) and if f h 
(mod YK) with h regular at x, we set 
and 
\I/k*(f(x)) = $k(h(x))v 
W*(k f) = 1 +k*(f(x))> 
X*(k) 
where k, is the extension of degree s of k. 
If o is a character of the idele class group Ki/K+ of K, the L function 
associated to w  is 
UT,o)= n 1 “d /qw) 1 - 471”) Tdegu’ 
where R(w) is the set of places u of K where w  is ramified, and where 71, 
is a prime element of the completion Ku of K at the place U. The explicit 
values of ~(71,) in the case of an Artin-Schreier covering are given in the 
following proposition. 
(3.1) PROPOSITION. Zf u $ U*(f), denote by k(u) the residual field of u, 
and assume that f G h (mod BK), with h regular at the place u; note that 
h(u) is the image of h in k(u). Then 
Proof: From Proposition 2.6 we have 
and we know (cf. [24, Corollary 3, p. 2791) that the Frobenius 
automorphism @, of the extension L/K at the place u is equal to a,,(n,), 
and hence 
+L) = exp F (@),, h)). 
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Take x E L such that xp - x = h; then 
@,,x=x+ (@,, h). 
If we consider the reduction of this relation in the residual field k(u), call 
Nu the number of elements of k(u) and .X(U) the image of x in k(u); then 
x(u)~-x(u)=h(u) 
and 
x( U)N” =x(u)+ (@,, h); 
but 
X(U)NU -X(U)=(X(U)P-x(U))N”‘p + ..’ + (x(u)“-x(u))P+ (x(u)” - x(u)) 
= h( u)Nu’P + . . . + h(u)p + h(u) 
=Tr k(u)/F,, h(uh 
which proves that 
(@u, h) =Trk(u),Fph(d 
and the proposition. 
(3.2) PROPOSITION. Let j-6 K. Zf L( T, of) is the L function associated to 
the character of of the idele class group K,“/K+ of K, then 
UT, q) = L*(T, f,. 
Proof: If we expand the infinite product defining L(T, w,), we obtain 
UT, of) = exp ( f f V,(f)), 
5 = 1 
with 
VAf I= c deg a~,-( r~,)“~~~“, 
u$U*(f)anddeguls 
since U*(f) = R*(o), i.e., the unramified places for the character W, are 
exactly the places which are not in U*(f) by Proposition 2.4. The set 
X*(k,) is the disjoint union of the orbits of the places u$ U*(f) such that 
deguls, andf(u)=f( ) h x w  en x is in the orbit U. On the other hand we 
have from Proposition 3.1 
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wheref= h (mod .YK) with h regular at the point x; from the preceding we 
get 
2i7c s 
= exp --Tr 
P deg u 
k(u)/F,, h(u) 
> 
= h,@(U)) = ‘hk*,(f(U)), 
and therefore 
V,(f) = c Il/k*,(fb)) = W*bL f), 
.XE X*(k,) 
from which the result follows. 
The 5 function of X, or of K, is 
where w0 is the principal character; we have 
P,(T) 
Z”(T)=(l-T)(l-qT)’ 
where P,(T) is a polynomial in T of degree 2g, - 2. 
(3.3) COROLLARY. Take a nondegenerate finite subgroup A of K, 
let L= K(S-‘A), and consider the Artin-Schreier covering II: Y + X 
corresponding to the extension LJK. Let A’ = A - {O}; then 
and 
Z,(T)=Zx(T) n L*(T,f), 
fEA’ 
#Y(k)- #X(k)= c W*(k, f). 
fEA’ 
Proof We have 
Z,(T)= n UT, w) 
WGY 
(cf. [24, p. 280; 17, p. 88]), and hence the first assertion comes from 
Propositions 2.3 and 3.2. By taking logarithms of both sides we get 
logZAT)-logZ,(T)= c logL*(T,f), 
fsA’ 
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log Z,( T) = i T” #X(k,); 
s=l s 
by comparing the coefficient of T in equation above, we get the equality of 
the second assertion. 
(3.4) PROPOSITION. I f f  $ .9K + k, then 
L*(T,f)= fl (1 -ai(f) 
i= 1 
where the numbers ui( f) are algebraic integers such that ui( f) Cri( f) = &; 
moreover, for s 2 1 we have 
W*(ks, f )= - C ai(f )“. 
i= 1 
Proof. We have L*( T, f) = L( T, We) by Proposition 3.2. On the other 
hand, if o is nonprincipal, then L( T, o) is a polynomial in T of degree 
2gx-2+deg f(o), where f(w) is the conductor of o (cf. [24, Theorem 6, 
p. 1343). Since 
by Proposition 2.4, the polynomial L*( T, f) is of degree C(f ). Let A = F, f 
be the finite subgroup of K generated by f. Since f $ BK + k, the subgroup 
A is nondegenerate and from Corollary 3.3 we know that the polynomial 
L*(T, f) divides the numerator Z,(T) of the c function of the 
Artin-Schreier covering n: Y + X defined by A; hence the inverse roots 
ai of that polynomial have the properties stated in the theorem, in 
accordance with the Riemann hypothesis (cf. [22]) for the function Z,(T). 
The second assertion is a consequence of the expansion of the function 
log L*( T, f) as a series. 
From Proposition 3.4 we get immediately the classical Weil estimate for 
exponential sums, as given by Deligne [ 33: 
(3.5) COROLLARY. Zf f $ BK + k, then 
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4. TRACES OF EXPONENTIAL SUMS AND NUMBER OF POINTS OF COVERINGS 
(4.1) LEMMA (Serre). Let N be a positive integer, and let 
P(T)= fi (1 -cqT) 
i=l 
be a polynomial of degree N with coefficients in Z. Assume that the inverse 
roots aI, . . . . aN of P satisfy the conditions aioii = q for 1 < i < N. If we denote 
by [2 &] the integer part of 2 &, then 
Proof: Let A4 = [2 &] and for 1~ i < N, put 
xi=M+ 1 +ai+Cri; 
the numbers xi are real algebraic integers, and xi> 0. The family of the 
numbers xi is stable by conjugation over Q; in particular, the integer 
ny=, xi is >O. By the mean inequality we get 
from which we deduce that Cr= i xi 2 N, or 
NM+N+ 2 ai+&3N, 
,=I 
this implies 
i$l ai+E,> -NM. 
If we change P(T) into P( - T), we replace cli by - ai, and we get 
which proves the lemma. 
The following result shows that the bound given in Corollary 3.5 for 
W*(k, f ), where f E K, can be sharpened if one groups the terms together. 
641!39/1-3 
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(4.2) THEOREM. If A is a nondegenerate finite subgroup of K. then 
,;, W’(k,f)~<~[2&1, with B(A)= c C(f). 
lE.4’ 
Prooj Consider the Artin-Schreier covering 7t: Y + X. The polynomial 
qn= n L*(~,s)=z,(n/z,Y(~) 
fEA’ 
is of degree 2g ,, - 2g, = B(A) by Theorem 2.2 and lies in Z[ r], since it is 
the quotient of two polynomials with integer coefficients. By Proposition 
3.4 the inverse roots cri(f) of n,(T) for f~ A’ and for 19 i< C(S) satisfy 
the condition crj(f) &(f) = q; we can dispatch these roots in B(A)/2 
conjugate couples (a,, $) since they are the roots of Z,(T) which do not 
appear in Z,(T). Since 
C(f) WA J/2 
C W*(k,f)= - C C ai( 1 ocj+Ej, 
fEA’ fcA’ J=I i=l 
by Proposition 3.4, the theorem is a consequence of Lemma 4.1. 
(4.3) COROLLARY. Let IT: Y-+ X be an Artin-Schreier covering; then 
l#Y(k)-#X(k)l< y [2&l. 
Proof: This is a direct consequence of Corollary 3.3 and Theorem 4.2. 
(4.4) Remark. The above result can be written 
I # Y(k) - # W)l G (gy -g,)P &I. 
This estimate is true for any abelian covering x: Y + X. In fact, one can 
prove (cf. Serre [17]) that there is a product expansion analogous to the 
first formula of Corollary 3.3, and therefore Z,(T) divides Z,(T); hence 
we could deduce Corollary 4.3 directly from Theorem 2.5. Note that this is 
a generalization of the classical Weil estimate as improved by Serre: 
I# Y(k)- #P’(k)1 WC2,hl. 
(4.5) COROLLARY. Zf f $ SK + k, then 
ITG,,,~,,~ W*(k f)l G (P - 1) 92&l 
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ProoJ Let c, = e2in’p. If CE Pp” , we set p,(c,) = ii. This gives an 
automorphism p, of the cyclotomtc field F= Q(ip), and the Galois group 
Gal(F/Q) is isomorphic to F; via the map c + pc; thus we see that the 
conjugates under Gal(F/Q) of W(k, f) E F are the numbers W(k, cf) with 
~EF,“, and 
TrF,Q W*(k f) = c Wk cf), 
CGFpX 
so the statement is the case A = Fpf of Theorem 4.2. 
(4.6) Remark. Take X= P’ and 
f(x)=ox+i with UEF,” ; 
here X*(k) = X’(k) = A’ - {0}, C(f) = 2 and the corresponding sum 
W(k, f) is the Kloosterman sum W,,(a). We get from Corollary 4.5 that 
ITr Q(ip)/~ Wu(Q)l G (P - I)[2 &I; 
it can be shown that for p = 2, the image of the map a + W&a) from F: 
to the ring Z of integers is equal to the set 
{WEZI IV=-1 (mod4)and lWl<2&} 
(cf. [ll, 121; there is an analogous result for p = 3 (cf. [9])). Hence the 
preceding results cannot be improved. 
5. TRACE EQUATIONS 
In this section, we take a number r such that q is a power of r, which 
means that 
F,cF,cF,=k, 
and we study the covering x: Y -+X, where here Y is the curve which is a 
smooth projective model of 
Y’- Y =f(xh 
where f E K. We say that f c K is r-nondegenerate if one cannot write f as 
f=Jw-g)+4 
with gE K, AEF,, and tl~ k: this means that the subgroup A =fl, is non- 
degenerate. 
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(5.1) PROPOSITION. The field L = R( Y, k) is the Artin-Schreier extension 
K(9 -‘A) corresponding to the finite subgroup A = ,fF,. The curve Y is 
absolutely irreducible tf and only tff is r-nondegenerate; if this is so. then 
I # Y(k) - #X(k)1 6 with B,(f)= c C(if). 
i E F,X 
Proof. We first show that the splitting field of the equation 
Tr-T-f=0 
is equal to K(B - ’ A). Take a root y of that equation in the algebraic 
closure Sz of K. In F,[T] we have the identity 
T’-T= n (T-p); 
PEF, 
by substituting T- y for Tin the preceding, we find that in 52[ T] we have 
T’-T-f= n (T-y-u), 
@EF, 
and thus the polynomial T’- T-f is separable and the field K(y) is the 
splitting field of that polynomial. Observe now that the polynomial 
s(T)= T+ TP+ TP2+ ... + T’IP 
satisfies 
So-s(T)= T’- T. 
Let xi = s(Ay) with 1 E F,; then 
xf; - xi = s(Ay)” - s(ly) = (Ay)‘- (Ay) = A( y’- y) = Jf, 
and thus the extension K(y) of K contains a root of every equation 
TP- T- Af =O. 
In fact it contains all the roots, since the difference between two roots 
belongs to F, ; hence K( y ) contains K(B - ‘A). Since the degrees of K( y ) 
and of K(B-‘A) are the same, the first assertion of the proposition is 
proved; the second is a consequence of Proposition 1.1, and the last of 
Corollary 4.3. 
We now apply the preceding to obtain estimates on the number of 
solutions of a trace equation. If U is an open set of X defined over k such 
that f is regular on U(k), let 
M,(f)= #(Xe U(k) 1 TrF&f(X)=O}. 
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Moreover let R = X- U, S = n-‘(R), and 
E(U) = #S(k) - #R(k). 
(5.2) THEOREM. If f is r-nondegenerate, then 
IrMu(f)- #U(k)1 ++2J;]+,(U). 
Proof. Let V= n-‘(U); by Hilbert’s Theorem 90, since f is regular on 
U(k), we have 
We also have 
I # T/(k) - # U(k)1 d I # Y(k) - #X(k)1 + E(U). 
If we estimate the first member of the right-hand side as in Theorem 5.1, 
the proposition is proved. 
(5.3) Remark. We have 
E(U) = 1 E(X), 
XE R(k) 
with 
E(X) = n-‘(x) n Y(k) - 1 if z-‘(x) n Y(k) # 0, 
E(X) = 0 if n-‘(x) n Y(k) = 0. 
From Proposition 1.3 we deduce that 
E(X)= #M,- 1 if f czo,+pK, 
E(X) = 0 if f$o,+ PK. 
In particular we have E(X) = 0 unless f E o, + 9K and Tr,* f = 0. In any 
case 
O<E(U)<(r-1) #R(k), 
and c(U)=0 if R(k)= {x~X(k) I v,*(f)>O}. 
We now consider two examples where K = Fq( T) and X= P’. 
(5.4) COROLLARY. Zf f (T) is a polynomial of degree n prime to p, then 
the number 
M(f)= #lx~k I TrFO,F,f(x)=O) 
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satisfies 
IrWf)-416 
(r-y c2J-1 
Proof: We have here U=A’, R={oo}, v,(f)=m; the function J‘is 
r-nondegenerate since n is prime to p, and we apply Theorem 5.2. We have 
C(lf) = vz(lf) - I= n - 1 for every 1 E F,; hence B,(f) = (r - l)(n - 1). 
Here E(U) = 0, thanks to Proposition 1.3. 
(5.5) COROLLARY. Take fEk[T, T-‘1, and write f(T) =A(T)+ 
B( T- ‘), where A and B are nonconstant polynomials in k[ T]. If m = deg A 
and n = deg B are prime to p then the number 
satisfies 
M(f)= #{xek” I TrFq,,f(x)=Ol 
IrMf)-(q-l)1 G 
(r- l):m+n) L2~,, 
Proof: We have 
f(T)=%. 
with degC=m+n; here U=A’-{O}, R={O, co}, and v,(f)=n, 
v,(f) = m; since m and n are prime to p, the function f is r-nondegenerate, 
and we have 
C(@)= -2+(v~(Q)+l)+(v,*(@)+l)=m+n 
for every ~EF,, and hence B,(f) = (r - 1 )(m + n). Since 0 and 00 are 
totally ramified by Proposition 1.3, we also have here s(U) = 0. 
6. THE CARLITZ-UCHIYAMA BOUND FOR GEOMETRIC BCH CODES 
Let X be a projective irreducible smooth curve of genus g, = g defined 
over k. We take an effective divisor on X, 
G=dizi+ ... +dKzK, 
with (zr , . . . . z,} c X(k); we set 
U = X(k) - Supp G, U(k) = (~1, . . . . x,1, D=x, + .‘. +x, 
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in such a way that 
X(k) = {x,, . ..) x,, Zl, . . . . z,}. 
We now recall some definition of geometric codes (cf. Goppa [4, 51 and 
also, for instance, Lachaud [lo]). The Goppa code T,(D, G) = r, on F, 
is the image of the map 
c:Q(G-D)+F: 
defined by c(o) = (Res,,(o), . . . . Res.Jo)). The minima1 distance d(r,) of 
r, satisfies 
d( r,) 2 deg G - 2g + 2. 
We assume that 2g - 2 < deg G < n. 
(6.1) DEFINITION. A geometric BCH code (subfield subcode of Goppa 
code) is a code C= (r, 1 F,) defined on F, obtained by descent by inter- 
section from a code r,; that is, 
C=(J’,IF,)=r,nF:. 
Its designed distance is 6, = deg G - 2g + 2. 
(6.2) EXAMPLE. The family of geometric BCH codes contains numerous 
geometric and classical Goppa codes, the primitive and narrow BCH 
codes, etc. Take, for instance (compare [15]), 
with 
x= Pi, z1= 03, G=(6- l)co, 
U(k)=A1(k)={aO=O,a,=l,a, ,,.., aqP1}. 
The code fL(D, G) dual of the code f,(D, G) is the image of the map 
c: Z,(G) + F: 
defined by c(f) = (f(a,f, . . . . f(a,f); a b asis of the vector space L(G) is given 
by the family of monomials 1, X, . . . . x8-‘, and hence a check parity matrix 
of T,(D, G) is 
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This proves that the geometric BCH code (T,(D, G) / F,) is the primitive 
and narrow classical BCH code of length q - 1 and of designed distance 6 
as described in [14, p. 2031, with a zero parasitic coordinate added. 
(6.3) THEOREM. Let C = (T,(D, G) 1 FP) be a geometric BCH code of 
length n over the prime field F,. The weight w of any word of C’ satisfies 
w=O, w=n, or 
(2g-2+degG+rc)[2&] 
Proof For XE k, let Tr(x) = TrklFp(x). By the Delsarte theorem (cf., 
[ 14, p. 208]), we have 
C’=(r,(F,)‘=TrrA=Trr,, 
where f, is the code which is the image of the map cL: L(G) + F; defined 
by 
c,(f)= (f(Plk -3f(Pn))- 
For a p-nondegenerate f~ L(G), set 
M,(f)= #{x~U(k) I Trf(x)=O}. 
Since # U(k) = n we get from Theorem 5.2 that 
with E = E(U) < (p - 1) K by Remark 5.3 and 
C(f)=2g-2+ i (vZ(f)+ 1). 
i=l 
Since deg zi = 1, we get 
C(f)<2g-2+degG+K; 
we thus obtain 
IpM(f)-4 Q ?(2g-2+degG+rc)[2&])+(p-l)K. 
Let wr= weight Tr c(f ). We have w,= n - M(f ), and 
PM(f)-n=p(n-wf)-n=(p-l)n-pw/, 
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from which the result follows iff is p-nondegenerate; if on the other hand 
f is p-degenerate, then f = a (mod PK) with (I E k, and hence wr= 0 or n, 
depending on the value of Tr a. The theorem is thereby proved. 
(6.4) Remark. This theorem gives a nontrivial minoration only if 
2n > (2g - 2 + deg G + ~)[2 &] + 2~; 
in that case we obtain 
&-2+2degG+K cz4 
(6.5) Remark. If p = 2, q = 2k we find 
<!(2g-2+degG+rc)[2&]+K; 
n-K-&-2+degG+k- 
2 c2 &I). 
In the case considered in Example 6.2, one has fc = I and 2g,- 2 + 
deg 9 + K = 6 - 2; thus if 6 = 2t + 1 we get 
jw-2k-‘I<32t- 1)[2.2k’Z]+l<(f-1)[2k’Z] 
and we recover the classical Carlitz-Uchiyama bound (cf., [14, p. 2803). 
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